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The recent realization of mixed-dimensional systems of cold atoms has attracted much attention 
from both experimentalists and theorists. Different effective interactions and novel correlated quan- 
tum many-body phases may be engineered in these systems, with the different phases being tunable 
via external parameters. In this article we investigate a two-species Fermi atom mixture: one species 
of atom exists in two hyperfine states and is confined to move in a two-leg ladder, interacting with 
an on-site interaction, and the other moves freely in a two dimensional square lattice that contains 
the two-leg ladder. The two species of atoms interact via an on-site interaction on the ladder. In the 
limit of weak inter-species interactions, the two-dimensional gas can be integrated out, leading to 
an effective long-range mediated interaction in the ladder, generated by to the on-site inter-species 
interaction. We show that the form of the mediated interaction can be controlled by the density of 
the two-dimensional gas and that it enhances the charge density wave instability in the two-leg lad- 
der after the renormalization group transformation. Parameterizing the phase diagram with various 
experimentally controllable quantities, we discuss the possible tuning of the macroscopic quantum 
many-body phases of the two-leg ladder in this mixed-dimensional fermionic cold atom system. 

PACS numbers: 67.85.Lm, 64.60.ac, 71.10.Fd, 71.10.Hf 



Over the past years, Fermi mixtures in ultracold atoms 
have been achieved experimentally [J-Q, and have trig- 
gered intense studies by experimentalists and theorists 
alike. A multitude of exotic phenomena, which nor- 
mally do not occur in condensed matter systems, can now 
be fabricated with exceptional tunable parameters 0- 
[Tlj . For instance, fermion mixtures can be manipu- 
lated to carry different internal properties such as pop- 
ulation densities, group symmetries, lattice geometries, 
and dimensionalities. By cooling two fermionic iso- 
topes of ytterbium with different nuclear spins, a de- 
generate Fermi mixture with an SU(2)xSU(6) symmetry 
has recently been experimentally achieved[12j. Mixed 
two-species Fermi gases with unequal populations have 
also been extensively studied 13l 14 1, as well as systems 
of dipolar atoms and molecules [ia - [l7j . Many-body ef- 
fects in these systems can be further enhanced when 
the system is loaded onto an optical lattice [l8| or via 
Feshbach resonance fl9l - [2"ll ] . Fermions with imbalanced 
populations [11] and dipolar fermions [H, H3 on a square 
lattice have been investigated and present a much richer 
phase diagram than their gas counterparts, with lattice 
effects enhancing the transition temperature for various 
phases. 

Experimentally, it is also possible to confine com- 
ponents of a ultracold atom mixture in different 
dimensions |2(I. and this has trigged some recent the- 
oretical studies j27H29| . As pointed out by Nishidapof . 
the mediated intra-species interaction generated by the 
interaction between species moving in different dimen- 
sions may reshape the phase diagram in a bilayer Fermi 
gas. Furthermore, Efimov physics with fermions is 
also proposed to emerge in one/three-dimensional mixed 
systems [3l|. The properties of the lower-dimensional 
Fermi gas can be manipulated by tuning parameters in 




FIG. 1: (Color online)A two-leg ladder embedded in a 2D 
square lattice and the coordinate system are illustrated. 



the higher dimensional species. For example, the phase 
diagram of a single chain is strongly modified by being 
embedded in a two-dimensional lattice j3^|. 

Inspired by these experiments, we study a mixed- 
dimensional two-species fermionic system: one species 
confined in a two-leg ladder with on-site repulsion, the 
other moving freely in a two-dimensional (2D) square 
lattice. An inter-species interaction is also introduced 
as on-site due to the energy cost of double occupation. 
Integrating out the 2D fermionic g mediated long- 
range interaction is generated in the ladder. We show 
that the mediated interaction moves the bare on-site in- 
teraction in the two- leg ladder off the symmetric point, 
and enhances the charge density wave (CDW) instability 
in the renormalization group (RG) transformation. Here 
we use the term charge-density-wave to refer to density 
modulations in analogy with nomenclature used in the 
study of electronic systems, even though the atoms are 
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charge neutral. We find that, by controlling the filling 
in the 2D gas, the phase of the ladder can be tuned. 
By mapping out the phase diagram for various parame- 
ters, we show the possible quantum phase-manipulation 
of a two-leg ladder in mixed dimensional fermionic cold 
atoms. 

A schematic of the system we consider here is illus- 
trated in Fig. [TJ The action can be written as S = 
Si + S® + S c i, where Si stands for the action for the 
two- leg ladder with on-site interaction [/;. The action of 
the non-interacting 2D system is denoted as 

S° = J dT Yl Mr,T)[d T 5 r , r ,+H c {r,r')]ct> a (r',T).{l) 

(r,r') 

where 4> a ,4> a are Grassmann fields with (pseudo)spin in- 
dex a, and the Hamiltonian is represented as H c (r, r') = 
[t c (r,r') — H2D5r,r'\ with chemical potential [i2D- More- 
over, the uniform hopping amplitude t c (r, r') = — 1 when 
r and r' represent nearest neighbor sites. The energy 
cost of for overlap of two atoms of different species can 
be regarded as the on-site inter-species repulsion with 
strength U c i and represented as 



(2) 



where n c = J2 a ^>a(r)^ a (r) and n t = J2 a <p ya (x)(p ya (x) 
are the densities for the 2D lattice and the ladder, re- 
spectively. The summation over a = 1, 2, • • • , N stands 
for the position of TV-legs along the y-direction, as shown 
as Fig. [U Here we focus on the N = 2 case. 

Considering the limit of weak inter-species interac- 
tions, we expand the action in powers of U c i and inte- 
grate out the non-interacting 2D gas, neglecting terms 
0(U^). The first term in the expansion gives a correc- 
tion to the chemical potential of the ladder system. Since 
this only slightly shifts the phase boundaries, we ignore it 
here. The second term generates a mediated interaction, 
modifying the profile of the total effective interaction in 
the two-leg ladder. The action for the ladder can now be 
written as S e g = Si + S mc d, where 



S 



dn I dr 2 ^2S yi ,a$ y2 ,b tr n.;(ri,n) 



mcd 



Qo(ri,T 1 ;r 2 ,T2)ni(r2,T 2 )Qo(r2,T2;ri,T 1 ) , (3) 

with g (r,T;r',T') = [d r <5 r ,w - H c (r 7 r')] -1 the 
imaginary-time Green's function. This shows that a 
mediated interaction between particle n/ (t*i , n ) and 
ni{r2 1 T2) with retardation effects is generated in the lad- 
der system. Retardation effects can be neglected when 
the Fermi velocity of the 2D fermions is large compared 
with the one for the ladder. 

We now study the effects of the effective interac- 
tion on the ladder system and determine its phase di- 
agram using a RG technique. By ignoring retardation 



effects, the Grassmann number if is decomposed into chi- 

ral pairs[M® llHl, <Pv( x ) ~ Ep/j.^f^)^ 1 , 
where P = R/L = +/— represent right /left- moving 
particles, and k Fi is the Fermi wavelength of the band 
index i. The transformation matrix between leg- index 
y and band-index i in the iV-laddcr is introduced as 

351. The interactions between 



N+l 



N+l 



yi 



these chiral fermions can be categorized as Cooper scat- 
terings c[j, cfj and forward scatterings f\j, ffj, where 
we set fa = since fa = cu\^. Thus, the mediated 
interactions in a ladder system can be written as 



S 



mcd 



dx 



fij IpRialpRia TpL jf3?pL j/3 
+C S ij tpRi a 1pRjai'Lifii'L3l3 ~ 



■ fijlpRia'lpLja'lpLjplpRiP 
c\ji>Riai>Lj a i>Lipi>RiP , (4) 



where the bare values of the couplings arc expressed as 

imcd 



rmcd 



tJ (k Fi -k Fj ), ^ = U^{k Ft +k Fj ), (5) 



Uf. 



cf, -1- k Fj ), 

jjmed ( 



with the definition of dimcnsionless mediated interac- 
tions, U^f(k) = Uij:^T llk i(q) X o(k,q). Here the 
particlc-holc propagator is defined as 

f dp Uf e (P) ~ np e (P* + k ,Py + 9) 

Xo(k,q)= 2 -, r -, —r . . , , (6) 

J An 2 e(p)-e(p x + k,p y + q)+iO+ 

coming from the convolution of the two momentum-space 
Green's functions in Eq. ©, where e(p) = — 2(cosp;,; + 
cos p y ) — [i2D is the dispersion of the 2D gas and n F 
is the Fermi-Dirac distribution. Furthermore, the ex- 
tra kernel in the mediated interactions is defined as 
^jki(q) = J2 a , b e Mb - a)T : t T ajT b * k T b i, summing over the 
leg indices a, b = 1, 2, • • • , N. It is worthwhile to notice 
that the mediated interactions are the Ruderman-Kittcl- 
Kasuya-Yoshida (RKKY) typejl^j. However, the exact 
profile in real space can not be computed analytically 
since we consider a lattice model. 

In the absence of the mediated interaction, all bare val- 
ues of the couplings in RG equations would be the same 
since only on-site interactions are considered. In the pres- 
ence of the mediated interactions, this symmetry is bro- 
ken and the initial couplings renormalize in very different 
ways, as shown as Eq. However, since the mediated 
interactions are determined only by the exchanged mo- 
menta in spin-conserving scattering processes, couplings 
sharing the same exchanged momenta remain the same 
bare values. For instance, zero momenta is exchanged in 
both c s u and /?• and they therefore have the same bare 
value, similarly, for and f\j with exchanged momenta 
(k Fi +k F] ). 

The RC e quat ions of a A^-leg ladder can be found in 
the literature [4Cf. and are only solved numerically. After 
taking the effective interactions as the initial condition 
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FIG. 2: (Color online) Interactions mediated by a 2D gas with 
(a) )j,2D — and (c) H2D — 1 versus density n of the ladder: 
The blue solid line represents cfi, c 22 and /* 2 . c 12 and /' 2 
are denoted as the green dot-dash-dotted line. The red dot- 
dashed, orange dotted, and brown dashed lines denote c 11; 
cf 2 and c 22 respectively. The corresponding phase diagrams 
for (a) and (c) are illustrated in (b) and (d), respectively. 
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FIG. 3: (Color online)The mediated interactions from a 2D 
gas with densities n — 0.55 and n = 0.95 on the ladder are 
plotted as function of the chemical potential \xid of the 2D 
system (in units of the 2D hopping amplitude t c ) in (a) and 
(c), respectively. The strokes for couplings in (a) and (c) are 
the same as in Fig. [2] Corresponding phase diagrams are 
shown in (b) and (d). 



and integrating the differential RG equations, the flows 
of the couplings can be obtained. By analyzing these 
flows with the scaling Ansatz, <~ 1/ (Id — Z) 7 ', where Id 
is the divergent length scale in one-loop RG, the hierarchy 
of the relevant couplings can be directly read out from 
the RG exponent ^ |4ll.l42j. Combining with the Abelian 
bosonization method, the phase diagram of a ladder sys- 
tem is determined [33, IH, |H|. Furthermore, the rela- 
tive values of the charge and spin gaps between different 
Fermi points can be determined by the RG exponents filj]. 
This allows us to distinguish the d-wave superconductiv- 
ity with an anisotopic spin-gap (referred as d-SC2 here) 
in a two-leg ladder with heavy doping, n < 0.6. We note 
that there is not a real phase transition between the d- 
wave superconductivity with isotropic spin gaps (d-SC) 
and d-SC2, because the number of spin and charge gaps 
and relative sign of relevant couplings are the same. How- 
ever, it is useful to emphasize this difference here because 
the anisotropic spin gaps can measured, and therefore the 
two phases can be distinguished experimentally. 

To illustrate how the mediated interaction depends 
on the filling of the 2D fermions, we show results for 
= 0, when the 2D Fermi surface is nested (Fig. [2^,), 
and for fi 2 D = 1 (Fig- Efc) . The corresponding phase di- 
agrams are shown in Fig. [2Jd and Fig. [JJi. In Fig. [2|3, 
when the strength of the coupling U c i/Ui is larger than 
1.2, a CDW starts to emerge from d-SC near half-filling 
in ~ 1). Increasing U c i/Ui brings the phase boundary 
to higher hole-doping. It is interesting to note that the 
Luttinger liquid phase that appears near n > 0.5 for the 



standard Hubbard model[35| is destroyed by the medi- 
ated interactions. We find a three-phase "triple-point" 
(CDW, d-SC and s-SC) at U d /Ui = 1.85 and n = 0.55. 
From there, increasing the U c i/Ui ratio gives c' n (0) (or 
0^(0)) negative, and an s-SC phase occurs, as expected 
by BCS theory. Doping away from the "triple-point" , 
/f 2 (0) becomes negative and CDW dominates. Roughly 
speaking, when U c i/Ui > 1.85, the phase will be deter- 
mined by the competition between the negative values of 
/f a (0) and c^O). 

It is important to point out that the CDW phase 
emerges due to enhanced mediated interactions f[ 2 near 
half- filling. When n ~ 1, the momentum exchanged dur- 
ing f[ 2 processes approaches n. The particle-hole propa- 
gator in the mediated interaction shows a maximum con- 
tribution at [i2D = 0, resulting from maximum electron- 
hole pairing [from cosp x and cos(p x + tt) = — cosp T ] in 
the 2D dispersion along the rr-direction. Moving away 
from n = 1, the mediated interaction of f\ 2 decreases, 
at which point the CDW phase ceases to occur. When 
we increase the 2D chemical potential, the same behav- 
ior occurs. As shown in Fig. [2] (d), the regime of the 
CDW phase shrinks at ^2D = 1 resulting from weak me- 
diated interactions. In this situation the mediated inter- 
actions vary smoothly, and show little effect in the lad- 
der system. Therefore, the mediated interaction depends 
strongly on the chemical potential in the 2D system, and 
consequently, the phase diagram of a two-leg ladder can 
be modified/tuned via the filling in the 2D square lattice. 
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To further illustrate the influence of the 2D density, we 
show the mediated interactions and corresponding phase 
diagrams parameterized by the chemical potential in the 
2D system in Fig. [3] (a) (b) and (c) (d) for fixed density in 
the ladder, n = 0.55 and n = 0.95, respectively. When 
Ud/Ui is larger than f.2 at n = 0.95, the phase tran- 
sition between CDW and d-SC happens near fi2D = 0. 
However, the phase boundary moves to higher values of 
Ud/Ui when the chemical potential (i2D increases and 
the mediated interaction decreases. In general, the ten- 
dency of the mediated interaction is to decrease upon the 
increasing of the filling in the 2D system (or H2d)- This 
is due to the non-interacting assumption used in the 2D 
gas. Under this condition, the strength of the mediated 
interactions is roughly proportional to the density near 
the Fermi surface, which is maximum at fi2D = 0. 

Although the pattern of the mediated interactions in 
real space is rather complicated, it can be approximated 
as an effective on-site attraction and a nearest-neighbor 
repulsion, since longer range terms are rapidly decaying. 
The phase diagram can then be understood from these 
two effective interactions. By tuning the chemical po- 
tential in 2D, CDW emerges when the effective nearest- 



neighbor repulsion exceeds the original on-site repulsive 
interaction. However, increasing the U c i/Ui ratio makes 
the magnitude of the effective on-site attraction larger 
than the original on-site repulsion. When the average 
on-site attraction is weak, CDW and s-SC phases com- 
pete. Nevertheless, the s-SC phase is dominant for large 
Ud/Ui, and the inter-species interaction can be regarded 
as a glue to pair the fermions, similar to the electron- 
phonon interaction in a conventional superconductor. 

In conclusion, we studied a two-species Fermi mixture 
composed of a species that moves in a two-leg ladder with 
on-site interaction, and another, non-interacting, species 
moving on a 2D square lattice. By integrating the 2D 
Fermi gas in the limit of weak inter-species coupling, 
a long-range mediated interaction is generated, and the 
CDW instability in the ladder is enhanced. We show the 
phase diagram parameterized by the filling in both the 
two-leg ladder and the 2D square lattice. 
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